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Abstract

Generative Al disrupts the practice of giving
credit to work that came before. Ideally, a genera-
tive model would give credit to any work on which
its output depends in a significant way. Counter-
factual credit attribution (CCA) is a technical con-
dition formalizing this goal—a relaxation of dif-
ferential privacy—recently introduced by Livni,
Moran, Nissim, and Pabbaraju (2024) who stud-
ied it in the PAC learning setting.

We initiate the study of CCA generative models.
Specifically, we consider autoregressive models
giving credit to a deployment-time dataset (e.g., a
RAG database). We uncover barriers to two nat-
ural approaches to CCA autoregressive models.
First, we show that imposing CCA on the under-
lying next-token predictor does not guarantee that
the model is CCA: CCA does not compose au-
toregressively (unlike DP). Second, we consider a
different approach to building CCA models which
we call retrofitting. Retrofitting takes a model that
does not attribute credit, and adds credit onto it.
We prove a lower bound for CCA retrofitting un-
der a weak optimality requirement. Given black-
box access to the starting model, retrofitting re-
quires query complexity exponential in the length
of the model’s outputs.

1. Introduction

People must give credit where credit is due. In academic
writing, failing to attribute sources is professional miscon-
duct at best, plagiarism at worst. Intellectual property law
(e.g., copyright) raises the stakes: one must not only identify
prior art, but also ensure its use is permitted. Thankfully, it
isn’t hard for a human creator to give appropriate credit to
their influences. The system mostly works.

Generative Al disrupts the practice of giving credit to work
that came before. When genAl is used in the process of
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creation, the link between inputs and outputs—between
old and new—is obscured. The genAl-assisted creator is
unable to credit her influences, undermining the economic,
professional, reputational, and legal incentives for good
work in the first place.

GenAl tools should also give credit where credit is due.

Counterfactual Credit Attribution (CCA) Credit attri-
bution was studied by Livni, Moran, Nissim, and Pabbaraju
(Livni et al., 2024). They consider algorithms M (S) that re-
turn, in addition to the primary output y, a credit set C' C S
of inputs to which credit is attributed.! Livni et al. (2024)
ask what properties such algorithms should satisfy. They
propose Counterfactual Credit Attribution (CCA), described
below, which requires crediting any input on which the out-
put significantly depends. They study the power of CCA
learning algorithms?, leaving the study of CCA generative
models for future work.

CCA is a relaxation of differential privacy (DP) that only re-
quires stability with respect to non-credited inputs. Roughly,
an algorithm A satisfies (g, J)-CCA if the following two
distributions are (¢, d)-close for all datasets S and docu-
ments s; € S: (1) A(S) conditioned on s; ¢ C; and (2)
A(S \ {s:}). The former is the conditional distribution
where s; isn’t credited and is denoted A~%(S). The latter is
the counterfactual distribution where s; is excluded from
the input and is denoted A_;(.S).

The number of items credited |C/| is important to consider. In
many settings each credited document s € C' increases the
end user’s costs (e.g., requiring due diligence or licensing).
The smaller |C| is, the stricter CCA’s requirement and the
stronger its guarantees. At one extreme, every algorithm is
CCA if C always equals S. At the other, CCA collapses to
DP if C is always empty.

'This treats credit as binary and individualized, as in academic
writing and IP law. In this way, credit attribution asks for much
less than a Shapley value, say, and should be a simpler problem.

?For example, they prove that (¢ = 0,6 = 0)-CCA algorithms
can PAC learn any concept class with finite VC dimension d while
crediting only |C| = O(d(log d + log log d)) items and without
much increase in sample complexity.
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1.1. Our contributions

We initiate the study of CCA generative models, focusing
specifically on autoregressive language models, and uncover
barriers to two natural approaches to building generative
models that attribute credit.

We impose the CCA condition on the trained generative
model with respect to a deployment-time dataset.> For
example, a database used for retrieval-augmented generation
or examples for in-context learning. That is, we consider
algorithms of the form A : (S, z) — (y, C') and require that
A7Y(S,z) be (g,6)-close to A_;(S, z).

Non-composition of autoregressive CCA next-token pre-
diction An attractive approach to building CCA genera-
tive models is to reduce the problem to CCA next-token
prediction. Namely, design a next-token predictor M that
attributes credit for individual tokens and run M autoregres-
sively to generate a sequence of tokens y;y2 . ... For the
final credit set, return the union of the credit sets C; for
each token y;. This follows the usual approach to for DP
language models and language models generally.

For this to work, CCA has to compose under autoregressive
generation. That is, the generative model G resulting from
autoregressively sampling from an (e, §)-CCA next-token
predictor M should be an (&, §’)-CCA for some &’ and §’.

Q1: Does CCA compose autoregressively?

The answer is no.

Theorem (4.2, informal). Foralle > 0,0 < § < 1, there
exists a (0,0)-CCA next-token predictor M such that the
induced generative model GM is not (g, §)-CCA.

The proof is a simple counterexample. We also prove a
more general CCA composition lower bound, of which the
preceding counterexample is a special case.

Theorem (4.3, informal). Suppose M is (&,0)-CCA and
GM is (¢,0)-CCA. Then

e > max (f(x7ya37 Sl) - |y| ' 5)7
z,y,5,8;

where x is a prompt, y is a generated output, S is a dataset,
s; € S is a document, and f is a function independent of .

Counterintuitively making ¢ makes the lower bound on &’
bigger! One would expect that as a next-token predictor gets
better at attributing credit, its rollout would too. (Note how-
ever that f is a function of the model which itself depends
on ¢, complicating this simple interpretation.)

3In contrast, Livni et al. (2024) require the training algorithm
be CCA with respect to the training dataset. We discuss these
alternatives in §3.

Infeasibility of CCA Retrofitting A different approach
to building CCA generative models is what we call CCA
retrofitting: turn a model that does not attribute credit into
one that satisfies CCA. We consider black-box retrofitting al-
gorithms that act as a wrapper around a given non-crediting
model M: they take prompts as input, query M as needed,
and generate outputs along with credit sets.*

Q2: Is CCA retrofitting computationally feasible?

More formally, an algorithm A solves the CCA Retrofitting
problem requires if it takes a non-crediting next-token pre-
dictor M as input and produces a crediting model GM that
is (¢,6)-CCA. To be meaningful, we require two things.
First, the Acr/edit set must not be much bigger than required.
Second, GM must preserve model behavior in the following
sense. Let ( GM be the generative model induced by M. We

require GM augments G™ : the marginal distributions over
generated text are equal.’

Unfortunately, we prove that CCA Retrofitting is compu-
tationally infeasible. For § = 0, any algorithm for CCA
Retrofitting must make exponentially-many queries to the
original model M in the worst case. This holds as long as
the augmented CCA model credits documents with proba-
bility within o < 1/2 of an optimum solution (for a very
weak notion of optimality).

Theorem (5.5, informal). There exists a family of models
M generating length { strings such that for all oracle al-
gorithms A for the (e,0)-CCA Retrofitting problem, there
exists model M € M and prompt x such that one of the
following holds:

(1) AM (S, x) makes Q(2%) queries to M in the worst case.

(2) AM(S, x) credits s € S with probability > OPT +1/2.

1.2. Other related work

Our paper builds on the work of Livni et al. (2024) which
introduced Counterfactual Credit Attribution. We briefly
highlight two other broadly related lines of work. First is
work on DP LLMs, discussed further in §3. We take inspi-
ration from the common approach to building DP LLMs
of composing a private next-token predictor to get end-to-
end privacy guarantees (Majmudar et al., 2022; Amin et al.,
2024). Second is the large body of work on data attribu-
tion (Deng et al., 2025). For example, many approaches are
based on Shapley values (Ghorbani & Zou, 2019). CCA
is coarser—it treats credit as binary—and is formulated

4A similar approach was recently used to achieve a differ-
ent copyright-motivated relaxation of DP called near access-
freeness (Vyas et al., 2023), though it isn’t possible for DP itself.

>Dropping this requirement would trivialize the problem, say,
by ignoring S altogether. We leave open relaxing exact augmenta-
tion to approximate augmentation.
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differently. With some exceptions (Nematov et al., 2025),
most work in this direction is concerned with training data
attribution, rather than attribution for a deployment-time
dataset.

2. Preliminaries

Notation Let A" be a token vocabulary, the set of symbols
from which model inputs/prompts and outputs/generations
are constructed. We assume X is finite and there exists a
special end-of-sequence token _L. The set of finite sequences
of tokens is denoted X'*, and A € X'* is the empty sequence.
We usually denote tokens by x,y € X, and write sequences
of tokens as x € X*. For x,x’ € X*, x || x’ denotes their
concatenation. x C x’ means x is a prefix of x’.

A dataset S C S is a set of documents s from some data
universe S. The set of possible datasets S is denoted 2.

For distributions P and () defined over the same space and
constants €,0 > 0, we say P ~. 5 ( if for all events E we
have P(E) < e - Q(F)+dand Q(F) <e®-Q(F).

For a randomized algorithm A : WW — , we denote by
A(w) the distribution over {2 generated by running A on
input w. For an outcome o € €, we denote by A(o | w)
the probability mass of o in A(w), and denote by 0 ~ A(w)
a sample from A(w). We use this notation for models M,
G and their credit-attributing counterparts M, G. For A as
above, we allow an oracle algorithm B“ to make two types
of queries to A: (i) On input w, sample an outcome from
the distribution A(w), and (ii) On input w, o, compute the
probability A(o | w).

Next-Token Prediction and Autoregressive Composition
A next-token predictor M : 2% x X* — X is a randomized
algorithm mapping a dataset S and a prompt xg € X* to (a
distribution over) a next token: x ~ M (S, xp). We assume
that if x( contains L, then M (L | S,x¢) = 1.

When composed with itself autoregressively (see Algo-
rithm 1), a next-token predictor M induces a randomized
generative model GM : 25 x X* — X*. We call GM the
rollout of M. The rollout GM iteratively samples a next
tokens x ~ M (S, x) by calling M on the current prompt
x and updating the prompt x = x||¢ until it samples the
end of sequence token L. The resulting distribution over
generated sequences is denoted G (.9, x), where xq is the
initial prompt. By construction xg is always a prefix of the
output.

3. Counterfactual Credit Attribution

Livni et al. (2024) introduce the notion of counterfactual
credit attribution (CCA), a relaxation of differential privacy,
for data-dependent algorithms.

Algorithm 1 G*: rollout of next-token predictor M

input dataset S, prompt xg
output generated sequence x
1: y < A {init. to empty string }
X < X
while y # | do
y ~ M(S,x) {sample next token from M }
x x|y
end while
return x

AN A i

Definition 3.1 (Credit attributing algorithm). Let A:25 5
Y x 2% be a randomized algorithm which takes as input
a dataset S C S and returns a pair (y,C). A is credit-
attributing (crediting for short) if the credit set C' is always
a subset of the input dataset S.

We indicate credit attributing algorithms with a tilde. We
view y as the useful output of A—it has utility even without
C'. The credit set C' C S indicates to which documents A
attributes credit for the output y. We use “A(.S) credits s;”

to denote the event that s; € C for (y,C) ~ A(S).

A credit-attributing algorithm Aisa counterfactual credit
attributor if the output distribution when a document is not
credited is close to the the counterfactual where the docu-
ment had been excluded from the input dataset. Closeness
is measured as in (¢, §)-differential privacy.

Definition 3.2 (Counterfactual Credit Attribution (Livni
et al., 2024)). Let ¢,6 > 0. An algorithm A : 25 —
Y x 2% is an (¢, §)-counterfactual credit attributor (CCA) if
forall S C S and every s; € S the following holds: either

Pr[A(S) credits 5;] = 1 or°

A(S™) e A(S-,),

where A(S™%) is the output distribution on the dataset S
conditioned on s; ¢ C, and A(S_;) is the output distribu-
tion on the dataset S_; = S\ {s;}.

When 6 = 0, we write e-CCA instead of (¢,0)-CCA.

3.1. Applying CCA to generative models

Broadly, there are three ways to apply CCA to generative
models: to the training algorithm, to the deployed model,
or end-to-end. As we explain next, our work focuses on
deployment-time CCA.

Training-time CCA: The straightforward application of
Livni et al. (2024) to generative models requires the training
algorithm to be CCA with respect to the training data (anal-
ogous to DP training (Abadi et al., 2016)). The semantics

5The former prevents conditioning on zero probability events.
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are easy to understand: the output model parameters are
credited to training data items. But that’s not what we’re
after. We want credit to be particularized to individual gen-
erated outputs, rather than a fixed credit set for the model as
a whole.

Deployment-time CCA: We apply CCA to the deployed
generative model. We model the generation algorithm as
having access to a deployment-time dataset other than the
pretraining or fine-tuning dataset. For instance, a database
used for retrieval-augmented generation (RAG) or examples
for in-context learning included in a system prompt (for
DP analogues see Tang et al. (2024); Yao & Li (2025);
Grislain (2025)). The CCA model generates outputs and
attributes credit to items in the deployment-time dataset.
This is a good starting point for studying CCA generative
models: it is simple to formalize and particularizes credit
for individual generated outputs. A drawback is that it only
attributes credit to deployment-time data, not training data.

End-to-end CCA: To attribute individual generated outputs
to particular training data items, one might try applying
CCA to the process which first trains a model then inter-
actively answers queries. While promising, analogous ver-
sions of DP have proved quite subtle (Dwork & Feldman,
2018; Shariff & Sheffet, 2018; Vietri et al., 2020; Bassily
et al., 2018; Kaplan et al., 2023; Naor et al., 2023). CCA
versions of these results would only be more difficult, a
fact compounded by our result that CCA does not always
compose (Thm. 4.2). We leave this direction for future
work.

We generalize the definition of CCA to allow a credit-
attributing algorithm (the generative model) to take a prompt
as input, in addition to the dataset being credited.

Definition 3.3 (CCA with prompts). Let €,6 > 0. An
algorithm A : 25 x X — Y x 25 is (¢,6)-CCA if for all
prompts v € X, the algorithm g(,x) 125 5 Y x29is
(e,9)-CCA.

That is, Ais (e,0)-CCAifforallz € X, all S C S, and all
s; € S the following holds: either Pr[A(S, z) credits s;] =
lor

A(S7H x) mes A(S_y, ),

where A(S~% ) and A(S_;, ) are defined as in Def. 3.2.

4. Imposing CCA on Next-Token Predictor

A natural starting point for building CCA generative mod-
els is to reduce the problem to CCA next-token prediction,
following the usual approach for DP LLMs and LLMs gen-

erally. First, design a crediting next-token predictor M.
Then sample outputs from the crediting rollout GM of M
(Def. 4.1). In words, G™ runs M autoregressively to gener-

ate a sequence of tokens {y; } and credit sets for those tokens
{C;}. Then it returns the concatenated tokens 1 [|y2]| . ..
and the union of the credit sets C; UCy U . ...

For this to work, we need (M is CCA) = (GM is CCA).
Like differential privacy, CCA would have to compose under
autoregressive generation.

Unfortunately and perhaps surprisingly, Thm. 4.2 shows that
CCA does not compose autoregressively. We give a simple
counterexample: for every ¢ > 0 and § < 1, we describe
a (0,0)-CCA next-token predictor M whose rollout GM is
not (g, 9)-CCA.

The counterexample is an instance of Thm. 4.3 that lower
bounds the possible CCA parameter &’ of the rollout of
an e-CCA model M. All else equal, the lower bound on
¢’ gets stronger as ¢ — 0. This is counterintuitive: one
would expect that as M gets better at attributing credit, the
rollout would too. Hence, perhaps taking M to be (0,0)-
CCA as in our counterexample may be the hardest case for
autoregressive composition.

Formalizing the preceding discussion, we begin by formally
defining the (credit-attributing) rollout G™ of a (credit-
attributing) next-token predictor M.

Definition 4.1 (Credit-attributing rollout). Let M : 25 x
X* =5 X x25bea credit-attributing next-token predictor.
The credit-attributing rollout GM : 25 x X* — x* x 28
of M is described by Alg. 2.

Algorithm 2 GM, crediting rollout of M

input dataset .S, prompt xg
output generated sequence x, credit set C'
1: y < A {init. to empty string}
X < Xpo
C+0
while y # | do
(y.C") ~ M(S,x)
x x|y
C+cuc
end while
Output (x, ()

DAl e A S

4.1. Counterexample for CCA composition

The following theorem shows that CCA does not compose
autoregressively. Even if the starting next-token predictor
satisfies the most stringent parameters, (0, 0)-CCA, no CCA
guarantee can be made about its rollout.

Theorem 4.2. Foralle > 0,0 < § < 1, there exists a
credit-attributing next-token predictor M satisfying (0,0)-
CCA whose credit-attributing rollout GM is not (e, §)-CCA.
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Proof of Theorem 4.2. Fix the data universe S = {s1 } and
the token set X = {a,b}. Let0 < p < e~ ¢-(1—J). Define

a credit-attributing next-token predictor M as follows.

For the empty prompt z = \:

R (i

For prompt x = a:

—~ » ) (a,{s1}) wp.
M({Sl}’a)_{(b 0 ) wp.

(b, 0)

N~ Do~

M(0,2) £

For prompt x = b:

M({s1}.) £ (2, {s1}),
M(D,b) £ (a.0)
For all other prompts x:

M({s1},2) 2 M(®,z) 2 (L,0).

The next-token predictor M is CCA  We now prove

that M is (0,0)-CCA by showing that for all prompts z,

the restriction M (-, x) is (0,0)-CCA. Let S = {s1} and

S_1=0.
For z ¢ {a, b}, M (S, A) never credits anything:

M(S™ 2) = M(S,z) = M(0,z) = M(S_y, ).

For x = a, conditioned on not crediting s1, M (S, a) always

outputs (b, §)):
M(S™'a) = (b,0) = M(0,a) = M(S_1, ).
For z =, M(S, b) always credits s;:

Pr[]\Aj(S7 b) credits s1] = 1.

The crediting rollout G M jg not CCA We now prove that
the credit-attributing rollout GM of M is not (e, §)-CCA. It
is easy to check that on the empty prompt \, G is:

N (aa,{s1}) w.p.3p
GM({s1},A) =1 (ab, 0 ) wp.3p
(ba {s1}) wp.1-p
7 _ J(ab, 0 ) wp.p
Gr0.2) = {(ba, 0 ) wp.l—p

Let S = {s1}. Conditioning on not crediting s1, we have

Pr[Gl‘z(S’l,)\) = (ab,0)] = 1. In the counterfactual,
Pr[GM(S_1,)) = (ab,0)] = p < e *(1 — ). Hence,
GM(S™LN) #4e.6 GM(S_1, \). O

4.2. Lower bound for ¢-CCA autoregressive composition

The example in the previous section is a special case of the
Thm. 4.3 below, which gives al lower bound of the CCA
parameter £’ that the rollout GM of a crediting next-token
predictor M can achieve (for 6 = 0).

We highlight the counterintuitive dependence on ¢: the lower
bound on &’ gets stronger as ¢ — 0. However, we caution
that € is endogenous to the model M. Changing ¢ may
change other terms in the lower bound. This complicates
the interpretation of the already complex theorem statement.

Theorem 4.3. Suppose the next-token predictor M is e-
CCA and its rollout GM is £'-CCA. Given any dataset S,
document s; € S and prompt X, either: (1) M credits S;
with probability 1, or (2) €' is at least

H‘x I pp (Ej | a7 2]

max < In i Ix~|
(x=4,C7) Pr[s; ¢ C|
where the max is over (x~4,C~%) € supp(GM(S_i, X))

(i.e., all outputs where s; is not credited), the probabilities

are over the randomness of GM and E; is the event that s;
is not credited in the jth step of the rollout (ie, s; & C for

(l‘pcj/') (57% H~--ijf1))-

In the example of the proof of Thm 4.2, we have Pr[s; €
C] = ip, and for (x1,C~1) = (ab, ):

H

Jj=1

E \xl e ;11]

= { (S, A) not credit 81] Pr { (S, a) not credit 51} =1- %

Plugging in € = 0, we get &’ >ln< @) —2:-0=—Inp.

5. Retrofitting Credit on Existing
Autoregressive Model

In this section, we consider the problem of retrofitting credit
on an existing autoregressive model: add credit sets as an
additional output of the model in a way that satisfies CCA,
while not otherwise changing the model and minimizing
the cost of attributing credit. Starting with a (non-crediting)
next-token predictor, a solution to the problem is called a
credit-optimal CCA augmentation.

This section shows retrofitting is hard: one cannot effi-
ciently implement a credit-optimal CCA augmentation us-
ing black-box access to the next-token predictor. It takes
exponentially-many queries in the worst case. In fact, one
cannot even approximate the optimal probability of crediting
a single document s € S within a factor of £1/2.

- €
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This section is organized as follows. §5.1 defines credit-
optimal CCA augmentations and the CCA retrofitting prob-
lem. §5.2 states our main theorem and gives the high-level
overview of the proof. §5.3 gives our construction of a
hard-to-retrofit family of models and characterizes the op-
timal CCA augmentation of those models. §5.4 proves the
theorem. Proofs of supporting lemmas are deferred to Ap-
pendix B.

5.1. Defining the CCA retrofitting problem

This section defines the CCA retrofitting problem (Def. 5.4).
Roughly, given a non-crediting model GM and turn it into a
crediting model G that satisfies CCA while (1) not otherwise
changing its behavior (Def. 5.1), and (2) not attributing
credit too often (Def. 5.2). We also consider an approximate
version of the problem (Def. 5.3).

Model augmentation To capture the first condition, we
introduce the concept of model augmentation: G augments
G if it preserves the distribution over generated output.

lzeﬁnition 51. Let G : 2° x X — YV bea model. Let
G:2°xX 5Yx2bea crediting model, and Ciy :
25 x X — Y be the model obtained by marginalizing G to
its Y component.

G augments G if Gy = G. G isan (,6)-CCA augmenta-
tion of G if also satisfies (g, 0)-CCA.

Credit optimality CCA is trivially satisfied if one always
credits everything, taking C' = S. This would also be worth-
less: one might as well skip credit attribution altogether.
Instead, we want models to be parsimonious in giving credit.
This could mean minimizing the expected number of items
credited, the probability of crediting a particular data item
s, or a cost function f.

We define credit-optimal CCA augmentation, the CCA
augmentation that minimizes the expected crediting cost
E[f(C)] for a given nonempty dataset S*.”

Definition 5.2. A crediting model G*isa credit-optimal
(e,0)-CCA augmentation of G for cost function f and
nonempty dataset S* C S if the following hold:

« G*isan (e,06)-CCA augmentation of G

* For all prompts x € X*, and for all (g,0)-CCA aug-
mentations G of G,

E o) < E
(y,C)~G*(S* x) [f( ] T (y,0)~G(S* %)

[F(O)].

"This is a weak requirement, holding only for a particular f
and S*. A weak optimality definition strengthens the negative
result.

When clear from context, we say G* is credit-optimal or
optimal for short.

Looking ahead to our lower bound (Thm. 5.5), we will take
S £ {s1}. In this setting, there is only one nonempty
dataset (S* = {s1}), and minimizing E[f(C)] for any
nonzero cost function (f(s1) > 0) is equivalent to mini-
mizing Pr[s; is credited].

Approximating models Our main result in this section
is that it is hard to produce an optimal CCA augmentation
of a given model. In fact, we show that it is even hard to
approximate an optimal CCA augmentation. To make this
formal, we now define model approximation.

Definition 5.3. Crediting model G’ is an (additive) o-
approximation of G if for all S, x, and s; € S:

‘Pr [CNJ’(S, x) credits sz} —Pr [é(S, x) credits sz}

<a.

We emphasize that an approximation G toan optimal CCA
augmentation of some model G need not itself be optimal,
CCA, nor even an augmentation of G.

CCA-RETROFIT We now formally define the CCA
retrofitting problem.

Definition 5.4 (CCA-RETROFIT). Lete,§ > 0, f be a cost
Sfunction, and S* C S be a dataset. Let M be a collection
of next-token predictors.

The (exact) CCA-RETROFIT problem with respect to
(,6, f, S*, M) is as follows: Given oracle access to M €
M, implement an oracle to a credit-optimal (e,8)-CCA
augmentation G* of GM (optimality w.r.t. f, S*).

For o > 0, the a-approximate CCA-RETROFIT problem is
the following relaxation: Given oracle access to M, imple-
ment an oracle to an a-approximation G of G* defined as
above.

We give two clarifying remarks for the above definition.
First, oracle access to M provides two types of queries
(§2): sampling a token y ~ M(S,x), or evaluating the
probability of a token M (y | S,x). Observe, that sample
access alone is sufficient to sample from the rollout G*.

Second, to implement an oracle to G (resp. Ge ), an al-
gorithm is only required to sample from G*(.S,x) (resp.
G*(S,x)) on any input query (S,x). The algorithm may
use M as an oracle in this sampling procedure, and need not
produce any explicit representation of the model G* (resp.
G*).



Barriers to Counterfactual Credit Attribution for Autoregressive Models

5.2. Approximate retrofitting requires
exponentially-many queries

We now state the main theorem of this section: the num-
ber of oracle queries required to solve approximate CCA -
RETROFIT, is exponential in a model’s output length in the
worst case.

Theorem 5.5 (Hardness of CCA-RETROFIT). Let € > 0,
d =0, and o < 1/2. Let the data universe be a singleton
S = {s1}, and f be any nonzero cost function (f(s1) > 0).

There exists a family of models { M} > for which:

(i) Any algorithm that solves the a-approximate CCA-
RETROFIT problem for M, requires Q(2¢/¢1og {) or-
acle queries, and

(ii) On some input prompt X, the rollout of every model
M € My always generates outputs of length ¢ + 1
excluding the 1 at the last position.

The construction is in Sec. 5.3 and the proof is in Sec. 5.4

The high level approach of the proof is as follows. For a
given ¢, we construct a family M, = {M,} indexed by
strings z € {0, 1}¢. We prove two things about this family:

* Lemma 5.8 (informal): Finding z given oracle access to
M, requires at least Q(2¢) queries to M,.

e Lemma 5.9 (informal): Finding z given oracle access
any a-approximation of an optimal CCA augmentation of
the rollout of M, requires only O(¢log{) queries to the
«-approximation oracle. The crux of the proof is character-
izing the optimal CCA augmentation (Lem. 5.6).

Therefore, any oracle algorithm A that implements
an «-approximation of an optimal CCA augmentation
(i.e., A solves approximate CCA-RETROFIT) must make
Q(2¢/¢1og ¢) queries to M, on average.

5.3. Construction of hard model family

We define a family of next-token predictors M,
Mg e = {M,} with token space X = {0,1, L} and data
universe S = {s1}. The family is defined by parameters
¢>1,v€(0,1),and ¢ > 0, and the models in the family
are indexed by strings z € {0, 1}*. Looking ahead, 1 is the
probability that s; is credited in optimal CCA augmenta-
tions (Lem. 5.6).

The next token distribution y ~ M, is defined as follows:

1 ifx ¢ {0,1}=*
My (8, %) £ { Bern (4 + (=020 i s £ ) Ax =2
Bern (%) otherwise

Fore > 0andy € (0,1), wehave 1 —e~¢(1 —~) € (0, 1).

A A

0 1

00 00 01 10 11

l"\

R

1

o

. o
o =H o 0 o = o — o =H o -4 o = o —
S o0 0 S o = — S o0 = S o = o~
S S S S = = o~ — S S o S = = o~ o~
(@) G0 ({s1},\) (b) G0 (D, \)

Figure 1. Example pair of generation trees with # = 2 and z = 10.
All edges have probability 1/2 except the dashed blue edges which
have probability 1/2 4+ (1 — e~ (1 — 7)) /2.

We denote by G, £ GM= the rollout of M,. G, always
generates (¢ + 1) bits including the end of generation token
L. On input x # z, the next bit is uniform. On the special
input x = z, the next (and final) bit is biased towards 1 if
S =8 = {s1} and uniform if S = ().

Fig. 1 shows an example pair of generation trees with £ = 3,
where the blue dashed edges are biased, while all other
edges are uniform.

The following lemma characterizes the optimal CCA aug-
mentation G, of the rollouts GG, for next-token predictors
in the family. If the prompt x is a prefix of z, denoted
x C z, then G credits s; € S with constant probability .
Otherwise, it does not credit s;.

Lemma 5.6 (Characterizing the optimal é; for the family).
Let S* = {s1} = S and let f be any nonzero cost function.
Forall M, € My ., all G}, optimal e-CCA augmentations

of G, and all prompts x:
o x Cz
10 otherwise

The proof is deferred to Appendix B.1. To obtain this charac-
terization, we show that any optimal G; can be represented
as a solution to a linear program and then characterize the
optimal solutions of the LP.

Pr {CNJ; (S*,x) credits 51}

Remark 5.6.1 (Crediting documents despite vanishing im-
pact). Lem. 5.6 makes us question whether CCA an appro-
priate definition for credit attribution. To see why, notice
that data has a vanishing impact on the models in our family.
Concretely,

TV(M,({s1},%), M (0,%)) <27

for every prompt x. Functionally, the document s1 makes
no difference: the models are indistinguishable.

Even so, Lem. 5.6 tells us that any optimal e-CCA augmen-
tation of the rollout G is required to credit s1 with constant
probability v > 0.



Barriers to Counterfactual Credit Attribution for Autoregressive Models

This violates of our intuition how a credit-attributing model
should behave. Perhaps this means that CCA is not a
good definition for the problem. Or perhaps the issue goes
away if we relax the problem by considering 6 > 0 or
non-augmentations.

5.4. Proving Theorem 5.5

In this section, we formalize the high-level proof approach
discussed in §5.2, and put it all together to prove Thm. 5.5.

First, we formalize the problem of finding z given access to
an oracle computing some randomized function F,.

Definition 5.7 (FindZ, ., . (F3)). Let F, be an (randomized)
function parameterized by z € {0,1}¢. An algorithm solves
FindZ, ~ . (Fy) if it implements the following:

Given (£,~,¢) and oracle access to F,, output z with prob-

ability at least 2/3.

The complexity of solving FindZ, . . (F;) depends on the
function F, computed by the oracle. The following two
lemmas show that exponential queries are required for F, =
M., but only polynomial queries are required for F, = G
(any a-approximation to an optimal CCA augmentation of
the rollout of M,).

Lemma 5.8. Any algorithm solving FindZ, ., . (M) re-
quires Q)(2°) oracle queries in the worst case over z €
{0,134

Lemma 5.9. For all o« < v/2, all optimal e-CCA aug-
mentations é; of G, and all a-approximations ég of
Gy Finngms(ég‘) can be solved by an algorithm making
O(flog(120)/(y — 2c0)?) oracle queries.

Together, these lemmas let us prove the theorem. The key
observation is that combining an algorithm A solving CCA-
RETROFIT with an algorithm B solving FindZ, ., .(GZ)
yields an algorithm B solving FindZ, ., - (M,).

Proof of Theorem 5.5. Let B be the oracle algorithm solv-
ing FindZ, ., . (GY) guaranteed by Lem. 5.9 that makes

Np = O(Clog(120)/(y — 20)?)

queries to its oracle. Then B is an oracle algorithm that
solves FindZ, ., . (M) by making Np many queries to A.
By Lem. 5.8, B/ makes Q(2) queries to its oracle M, for
the worst-case z. Therefore, for the worst-case z, A must
make

Q(2° - (v — 20)%/L1og(120))

queries to its oracle M,.

For any z, by definition, M, only generates | when the
input prompt x has length greater than ¢ + 1. Therefore,
by definion of rollout, G=(S,x¢) with xo = X always
generate output of length £ + 1. O

6. Discussion and open questions

Relaxing of CCA retrofitting §5 shows that optimal e-
CCA augmentation has undesirable properties: In addition
to the computational infeasibility, as Remark 5.6.1 shows, it
may also require crediting documents whose impact on the
model is vanishingly small. Such requirement violates our
intuitions about how credit attribution should behave.

Question: Does relaxing CCA-RETROFIT—for example,
allowing models that don’t exactly preserve the original gen-
eration output distribution—get around these undesirable
properties?

Our infeasibility result only holds for 6 = 0, essentially
requiring the CCA counterpart of pure DP. As with DP,
allowing > 0 (or even other relaxations (Dwork & Roth-
blum, 2016; Bun & Steinke, 2016; Mironov, 2017; Dong
et al., 2022)) might enable qualitatively different results.

Question: Does taking § > 0 (or the CCA counterpart of
other DP relaxations) get around the undesirable properties?

Non-black box retrofitting Thm. 5.5 tells us that solving
CCA-RETROFIT with black-box access to the base model
M 1is hard in the worst case. However, it may still be possi-
ble to solve a non-black box variant of the problem. Indeed,
we already shown that the non-black box variant is efficient
for the family of models M, that we use to prove the hard-
ness result: Lem. 5.6 fully describes the optimal e-CCA
augmentation.

Question: Are there efficient algorithms for non-black box
retrofitting?

Credit-optimal CCA augmentations Lem. 5.6 character-
izes the optimal e-CCA augmentation for a concrete family
of models. We know little about credit-optimal augmen-
tations for general models. Moreover, we required credit-
optimality only for a particular cost function f and dataset .S.
A stronger requirement would be optimality for all datasets
S or all cost functions f within a given class. It is not clear
that such optima even exist, or whether one would have to
settle for Pareto optimality.

Question: Which optimality criteria are appropriate and/or
easy to optimize over CCA-augmentations in general?

CCA composition Thm. 4.2 shows that CCA does not

always compose autoregressively: for GM to be CCA, it
does not suffice that M/ be CCA. That doesn’t mean focusing
on the next-token predictor M is a dead end.

Question: Are there simple conditions on credit-attributing
next-token predictor M that suffices to guarantee CCA of
its rollout GM?
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Impact Statement

This paper presents the work that conducts theoretical anal-
ysis of the limitation of data attribution of generative Al
model. As long-shot speculations, it is possible that our
work could influence the public discourse of intellectual
property and Al and/or be cited by relevant stakeholders in
legal context such as copyright legislation and litigations.
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A. Deferred proofs from Section 4
A.1. Proof of Theorem 4.3

‘We restate the theorem for ease of reference.

Theorem 4.3. Suppose the next-token predictor M is e-CCA and its rollout GM is &'-CCA. Given any dataset S, document
s; € S and prompt xy, either: (1) M credits s; with probability 1, or (2) €' is at least

ini‘Pr E;|z7t. .zt )
max In [l= LB | o1 FJ —|x7" e

(x—%,C~%) Pr [Sl' ¢C]

where the max is over (x %, C~%) € supp(GM(S*i, X)) (i.e., all outputs where s; is not credited), the probabilities are
over the randomness of GM, and E; is the event that s; is not credited in the jth step of the rollout (i.e., s; ¢ C]‘ for
(25, C5) ~ M(S, 2"l ty).

Proof. Fix dataset .S, document s; € .S, and initial prompt xy. We introduce the following notations:

w = ((z1,C1), (¥2,C3), ..., (2], Cly)) denotes a vector of token-credit set pairs. Its j-th component w; = (z;, C)
corresponds to the output at Line 5 of Algorithm 2 at the j-th round: (z;, C}) ~ M(S, a1 ... ||z;j—1). In other words,

w represents a trace of a autoregressive rollout in which C’} is credited by the next-token predictor M when the token
x; is generated. We use s; € w to denote the event s; € C{ U --- U C/

[w]*

* P(-) is the distribution over traces w sampled as w ~ GM(S7 Xp)-

e Q(-) is the distribution over traces w sampled as w ~ oM (S_i,X%0)-

* Pyz(- | @1,...,2;_1) is the distribution over w; sampled as w; ~ M(S,xo || @1 ||| Tj_1).

* Qu(- | ®1,...,2;_1) is the distribution over w; sampled as w; ~ ]\7(5_1-,)(0 i |- | zj—1).
Let w be a trace where s; is never credited: s; ¢ w. By the chain rule,

[wl

P(w) =[] Plw; | wy,...,w;1).

j=1

By definition of the crediting rollout G M of M (Algorithm 2), only the tokens x; sampled at each round are involved in the

later calls to M. That is, wj is conditionally independent of (C1, ..., C’_;) conditioned on (21, ..., z;1). Therefore,
P(UJj |’LU1,...,’U.)j_1):P]”\‘/[’(’lUj |$1,...,£L’j_1). (1)

Since s_; € w, we have s_; ¢ CJ’-. That is, event E; occurs. Therefore,

PM(U}J | .’El,...7l'j,1) = P]’\‘/[’(’w] ﬁEj | 1’1,...,.’Ej,1) = PM(’LUJ | Ej,xl,...,xj,l) . P]’\‘/[’(EJ | L1y .,l’jfl).
By definition, the distribution Pg;(-|Ej, 21, ..., x;_1) is the conditional distribution in the CCA definition: M (S7% x|
xy || -+ || 2j_1). The corresponding counterfactual distribution is Q7 (-|21,...,2;_1). By assumption that M satisfies
e-CCA:

PM(’LU] ‘ Ej,xl, . ,J,‘j_l) Z 6_6 . QM(’LU] ‘ L1y--- 73}‘]‘_1).

Combining the previous equations, we get

[wl [t

P(W) > 6_6‘“" . HQM(’LUJ | .’171,...7l‘j,1) . HPM(EJ ‘ T1,y.-.- ,ij,l).

j=1 j=1

10
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By the same logic as (1),

|w| Nt

H Qur(wj [z1,...,25-1) = HQ(wj | wi, .. wio1) = Q(w).
j=1

j=1

Therefore, for any generation result (x %, C~*) such that s; ¢ C'~%, we have

_ hd
P(ho) = Y Pwze S Q) [ Py L)
w=((z;,C7)); st w=((25,C)); st. J=1
1l =% el =%
u,;Ci=C"* U;Cij=C""*
_ hd
— e~ Q ((x HP (Bj | oy, . x0).

Since P ((x~%,C~)) = P ((x~%,C~%) N [s; & C]) by the assumption s; ¢ C~*, we conclude that

- T P | 2y, a)

PACTL O ) 5 et ((x o)) T

P(s;¢C) —

P((x"C7) |[s: ¢ C)) =

By assumption GM is ¢'-CCA. By definition of P, ), we get
- T P |2y, a)
P(si ¢ C)

Applying a logarithm and taking the maximum over generations (x ~*, C~%) such that s; ¢ C'~ yields the inequality in the
theorem statement. O

’

ef > e—s\x

B. Deferred proofs from Section 5
B.1. Proof of Lemma 5.6

We start from the definition e-CCA augmentation and reduce the constraints to an essential subsets utilizing the instance-
specific properties. We then characterize the solution satisfying these essential constraints.

Given any optimal -CCA augmentation G* of G, from Definition 5.2 G* satisfies e-CCA, i.e., for all dataset S’, prompt x
and s; € 97, let P H 51¢C> Q be the real, conditional and counterfactual distributions, either one of the following holds

(@) P(sy € C) =1,
(b) ﬁ|751€C ~ Q.
Claim 1. It suffices to consider é; that solves

Sor S = {s1}, and simultaneously for all x,

min Pr s1 € C
(4,C)~Go(S,x) [ ] 2

s.t. (not (a)) N (b).

Proof. In fact, since S = {s1}, the only possible datasets are ) and S = {s*} = S. For S’ = () the CCA condition is
always satisfied vacuously. Further from Definition 5.2, since S = {s; } is the only nonempty dataset, for all prompt x, G,
must satisfy

E f(O)] < E [f(O)] )
(y,C)~G3(S,x) (y,C)~G1(S,x)

11
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for any e-CCA augmentation é’z of G,. Since C C S = {s1}, by assumption that f(s;) > 0, (3) is equivalent to

Pr [sl € C} < Pr [31 € C].
(y,C)~Gx(5,%) (y,C)~GL(S,x%)

Therefore, G} (S, x) solves
for S = {s1}, and simultaneously for all x,

min Pr s1eC
(y,C)~Go(S,x) [ ] 4

s.t. (a) V (b).
Given any G solution to (4) with (a) holds for some x, it satisfies Pr(, o) _a. (5 [s1 € C] =P(sy € C) =1, and is

hence dominated by a solution to (2) since 1 is the maximum possible value of the objective being a probabilitity. Therefore,
it suffices to consider (G}, that solves (2) and show existence of a solution. O

Claim 2. The optimization problem (2) is equivalent to the linear program

max R

st.e fqy- R <ryp, <eqy- RVye X~

yex*
€ [0,1].

with decision variables R, {ry},.

Proof. For §* = {s1} and fix x, let P, 13|_51€C, Q be the real, conditional and counterfactual distributions of G, (S8*,x).
The component for x of (2) is equivalent to

min P(s; € C)

P(4.C) N1 €C) _ .5 (6)

e “Q(y,C) < s 2 ) <efQ(y,C)Vy € X*,C ={s;}or C = 0.

By definition @, is the output distribution of G,(S \ {s1},x) = G,(0,x) and hence Q(y, {s1}) = 0. At the same time,
P((y,{s1}) A s1 &€ {s1}) = 0. Therefore, the constraints in (6) on C' = {s; } are automatically satisfied.

Q(y, {s1}) = 0 further implies that

0)=> Q,C)=Qy(y).

ccs
Also note that P(y, ) = P(0 | y) Py (y), and

1-P(s1 €C)=P(si C)= Y P(y,0)= Y PO |y)Pr(y)

yex™* yeX™

Let P be the output distribution of G ({s1},x) and Q be the output distribution of G (@, x), by Definition 5.1, we have
Py (y) = P(y) and Qy (y) = Q(y). Therefore, (6) is equivalent to the

minl — Z PO | y)P(y)

yeX*

o) < PODP) "

— < ef A X*.
S B0 np —CWTE

12




Barriers to Counterfactual Credit Attribution for Autoregressive Models

Letp, = P(y),qy = Q(y) and 7, = ]5((/) | v), changing the min to max by removing constants and flipping the sign on
the objective, (7) becomes
max Z TyDy

yex*
st.e gy < TPy <efqy Yy € X7 ®)
ZyeX* TyDy
ry € [0,1].
where {ry }, are the decision variables. Let R =} _ . 7,py and rearranging (8), we get the linear program (5) O

It suffices to show that for any x, the optimal solution R*, {rZ}y to the linear program (5) satisfies

1—-v xCz

1 otherwise

1 — Pr[G;({s1},x) credits 1] = R* =Y _r}p, = {
Yy

Claim 3. For any x, an optimal solution R*, {r;}y to the linear program (5) satisfies

* * 1_7 xLz
R = Z’I"ypy:{l

yexe otherwise

Proof. First note that for x I z, by definition of M, and autoregressive composition, G,({s1},x) = G.(0,x), i.e.,
P(y) = Q(y) forally € X* and hence p, = g,. Taking r;; = 1 forall y € X" is the optimal solution to the linear program

(5) that yields objective value 3, . p, = 1. This conclude the “otherwise” case for G ({51}, %).

Now consider x C z. rearranging the constraints we know that

VyGX*,RﬁryeE~&.

dy

Let y* = argmin, p,/q,, we have an upper bound of the optimal objective value

Rﬁry*e€~py* Seg-piéR*.
Qy~ qy~

By definition of M, and its rollout G, , we have y* = z || 0, p,« /g, = e~ (1 — ) and R* =1 —~. We now claim
that there exists {r, },, feasible for the constraints of (5) such that R = Zye v+ TyDy = R* =1 — v, and the optimal has
objective value 1 — ~.

It suffices to show that there exists {r, }, such that R = 3 rypy = R*, and forall y € X*,

yex*
r
e °g, < %y <efqy, 0< 7y <1,
ie.,
66~R*~qy§7"y§min{e€~R*'qy,1}, ©)
py py

since qy,py,ﬁ > 0. Fory € X*, let

r, = e “R*- q—y, Ty = min{eER*~ @, 1}
y Dy

be the lower and upper bounds of r,, given by (9) respectively. To show the existence of such {r, },, it suffices to show that

> rpy <R Fp AR (10)

yeEX™ yeEX™*

13
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This is because if the above inequalities holds, then one can obtain {r, }, starting from setting r,, = r, forally € X and
then saturate r, for y € X* until R = Zy Ty Dy reaches R*.

First note that the left hand side inequality of (3) always holds,

rpy= > Ry < S R g =TS g =B <R
yeX™* yeEX™* Py yeX™* yeX*

We now show that the right hand side inequality of (3) holds for the instance. Let y' = z || 1. By definition of M, and its
rollout GG, we have

s gy = (1/2)5, py = (1/2)%12 — e=5(1 ) and 7,y = min {e=(1 —7)/(2 — (1~ 7)), 1},
“ gy =p, = (1/2 forally € X\ {y/,y"}.

Therefore,

R— Ty Py — TysDyx = Z TyDy
yeX*\{y’,y*}

= Z min{e‘gR*-qy,l}~py
yeX*\{y",y*} Py

= Z min {65F7 1} Dy-

yeX*\{y',y*}
Recall that R* = 1 —  for the instance, therefore we have
5 - _ P e 1
R — Fypy — Fy=py= = min{e®(1 — ), 1} - Z py = min{e®(1 —~),1} - 1—? . (11)
yeX*\{y",y*}

Note that 7« = min {e*(1 —~)/(e7¢ - (1 — 7)), 1} = min{e?*,1} = 1 and p,- = (1/2)**1(e~*(1 — v)). Therefore we
have

- , 1 1, _
R —7yp, = min{e®(1 —v),1} - <1 - 2€) + QZT(B (1 —7)).
Recall that 7,y = min{e*(1 —v)/(2 —e (1 —v)),1},and wehave 2 —e (1 —y) >lase * <landl—y < 1.
e Casel: e°(1—7) <1.Wehave 7y =e°(1 —7)/(2—e (1 —"~)),

— ) gl ) e s 1))

R=e(1—7)- <1

1) (1= 30 ) + gl =) + =)

1 1

=(1-7)- (esee«ﬂ+2e+l(es+e‘€)).

Note that e ¢ + ¢ > 2 forall € > 0,
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Since e — 1 > 0 for all € > 0, we have
R>(1-75)-1=1-v=R*

e Case2: 1 <e*(1—v)<2—e (1 —7). WehaveT,y =e*(1—)/(2—¢e"°(1 —+)), and

= 1 1 e*(1—17) 1 e
R_1'<1_2e>+2e+1(e (1—7))+2767€(177)'Qm(?—e (1—7))
11, _ 1
=l-gtomg(e Q=M+l =7) 557
1 1 _
:1—?4'24?(664'66)-(1—7).

Since e~ ¢ + e > 2 for all € > 0, therefore

1 1

e Case3:2—e°(1 —7) <e*(1—r). Wehave 7,y =1, and

_ 1 1, 1 _
R=1 (1 5) + gl =)+ g2 = (1 =)
1 1
:1_?4_24?.
=1>1—-v=R"

Finally, we conclude that the right hand side inequality of (10) holds and hence for x C z, an optimal solution {r;}y satisfies

R* = Z r;pyzﬁzl—y.
yeXx*

Therefore, for x T z, we have Pr [C:'; (S* , x) credits 31} =1 — R* = ~. This conclude the proof of Lemma 5.6.

B.2. Proof of Lemma 5.8

Proof. We show that the lowerbound holds even for algorithms that have access to the full distribution of M, (.S, x) when
querying M, on (S, x). Such query is stronger than the queries an oracle algorithm can make as defined in Section 2: One
can simulate the two types of queries with the full distribution of M, (S, x).

Given (randomized) algorithm A that always makes fewer than N = 2¢/3 — 1 = Q(2) queries to M,. Let A be the set of
deterministic algorithms that always make fewer than N queries to M,. By Yao’s Minimax Lemma (Yao, 1977), the error
probabilitity of A on the worst z

> min E[1[A'(M,) # 2]

for any distribution D over Mg, ..

By definition the output distribution of M(S, x) is identical for all S, x € {0, 1} except S = S* = {51}, x = z. Therefore,
any deterministic A’ € A, even with access to the full distribution of M, (.S, x) after querying M, on (.S, x) can not update
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its state before making the query M,({s1},2z). Therefore, A’ must make queries to M, according to a fixed sequence 1" of
prompts with length at most N until it makes the query M, ({s1}, 2).

Let D be the uniform distribution over My - ., we have

E QAN #7]= Y 5 1AOL) £

M,~D
* z€{0,1}¢

> Y o UAOL) £

z2€{0,1}\T

Let z’ be the output of A’ when it reaches the end of the sequence 7" and has not made the query M,({s1},2z). Forz ¢ T,
we know that A’(M,,) reaches the end of 7" and outputs z’, therefore

E NAML) #7]> Y o 1A06) #4]

M,~D .
ze{0,1}\T

:% Z 1[z’ # z).

z€{0,1}°\T

By assumption that 7 has length at most N = 2¢/3 — 1, we have

E[AOL) 4225 Y 144

z€{0,1}\T
1
250 Z 1[z’ # 2]
2€{0,1}\T\{z'}
1
(2-N-1)=
3

Hence A must have error probability Pry[z # A(M,)] > % Therefore, any algorithm solving FindZ, ., . (M) requires
Q(2%) queries in the worst case.

O

B.3. Proof of Lemma 5.9

Proof. Let c(x) = Pr [é; (S,x) = {51}] By Lemma 5.6, we know that ¢(x) = ~ if x is a prefix of z, and ¢(x) = 0
otherwise. Consider the following algorithm that starts from the empty string x = A and iteratively recovers z by appending
one bit at a time. To decide which bit to append, the algorithm utilizes the seperation of ¢(x || ) between when x || z is a
prefix of z and when it is not.
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Algorithm 3 Algorithm solving FindZ, ., .(Gg)

input oracle access to ég
output sequence z

D x A

2: k+1

3: while k < / do

4 ¢y < estimate of ¢®(x || 0) by querying G2
5: ¢y < estimate of ¢®(x || 1) by querying G
6: if cg > c1 then

7: x«x|0

8: else

9: x x| 1
10:  endif
11: k+k+1

12: end while
13: Output(x)

For the estimation of ¢*(x || 0) and ¢®(x || 1) in Line 4 and 5, choose the parameters of additive error 7 < (v — 2«)/2 and
success probabilitity 1 — 3 =1 — 1/(6¢). Applying Lemma B.1, the estimations with parameter 7 and 8 can be done with
using

O(r2log(2/8)) = O ((7 ‘22“) log (1/265)) — O(4/(y — 20)? Tog(120))

oracle queries to ég Then, the total number of queries the algorithms makes is

O(20-4/(y — 2a)? - log(12€)) = O(£log(120) /(v — 2a)?).
The loop from Line 3 to Line 12 iterates for ¢ times, and there are 2 etimations in each iteration. By union bound, the
probability that all estimations succeed is at least 1 — 2¢3 = 2/3, in which case the algorithm correctly outputs z. We claim

that when all estimations in Algorithm 3 succeed, the algorithm correctly outputs z. In fact, we show by induction that,
when all estimations succeed, the invariant x C z always holds before the algorithm outputs x.

* Base case: x = A. The invariant naturally holds since A C z.

* Inductive step: Assume the invariant holds for x.
Let z € {0,1} such that x ||  C z and Z be the other bit such that x || Z [£ 2.

By assumption that the estimations succeed, we have
cx >t (x| x)— (v —20)/2, ¢z <c*(x||Z) + (v —2a)/2.
Further, by assumptions that é;’ is an a-approximation of @;, we have
x| z)>elx]z)—a, x|z <cx]|z)+a.

Combining the above inequalities, we have

e >cex||z)—a—(y—2a)/2, cz <cx|Z)+a+(y—2a)/2.
From Lemma 5.6, we have

e >7—a—(y=2a)/2=7/2, ¢z <0+ a+ (y—2a)/2="/2.

and hence ¢, > cz. This implies that the lines 6-9 of Algorithm 3 will set x +— x || z. By definion of z, the invariant
that x C z is preserved.

17



Barriers to Counterfactual Credit Attribution for Autoregressive Models

Therefore, the algorithm solves FindZ&%E(CNl;‘).
O

Lemma B.1. Forany v > 0, 8 > 0, ¢*(x) = Pr[G2(S,x) credits s1] can be estimated within additive error T, with
probability 1 — 3, using O(1=21og(2/3)) oracle queries from G (S,x).

Proof of Lemma B.1. Independently sample N = 7~2log(2/3) outcomes (y1,C3), ..., (yn,Cn) on input (S, x) from
the output distribution of G2 (S, x) by making queries to G3. Let X; = 1[s; € C;] and we have E [X;] = E [1[s; € Ci]] =
Pr, co~éo(sx) [s1 € C;i] = ¢*(x). Since X;s are independent, by Chernoff-Hoeffding inequality, we have

N

1 (67
Pr N;Xi_c (x)

_9.2
N
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